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We consider the one dimensional wave equation where the domain 
available for the wave process is a function of time. If the boundary 
moves with a constant velocity, or constant acceleration the explicit 
solution is obtained; the general case can be solved by an elementary 
graphical constriction. 
SECTION I 
In perturbation theory the problem of boundary perturbations occupies 
a special position for several reasons : the differential equation describing 
the physical situation remains unchanged if the perturbation is applied, 
hence the standard methods of perturbation theory are not applicable; 
the interesting perturbations are often time dependent, hence it is not 
possible to separate variables for the solution of the differential equation; 
few if any exact solutions are known, on which one could practice and test 
different approximation methods. 
Our aim here is to obtain some exact solutions for a particular class 
of problems. Consider the one dimensional wave equation describing a 
field between two boundaries, one or both moving in a prescribed manner. 
Let initially the field and its time derivative be given, what is the sub- 
sequent behavior of the field ? For simplicity we may think of the field 
as the displacement of a stretched string from its equilibrium position, 
and the moving boundaries as supports moving along the string. (The 
solutions for the contrary case, when the supports move normal to the 
string are well known.) If both supports move with uniform though 
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different velocities, the motion of one of them can always be reduced to 
rest by a Lorentz transformation (interpreting the c in the wave equation 
as the fundamental velocity). If the boundaries are accelerated we cannot 
do this any more, even if both boundaries suffer the same acceleration. 
For, under such a transformation the wave equation does not remain 
invariant but acquires additional terms which represent the additional 
inertial forces acting on the string elements in the accelerated frame. 
SECTION II 
Let a flexible string be stretched along the positive x axis. It is 
constrained at two points, x = 0 and x = vt; the moving support at 
.2: = vt can be thought of as a small ring sliding along the x axis with the 
constant velocity V; what is the displacement h(x, t) for x < zrt, if k(x, t) 
and ah/C% is given at time t = t,> O? (v should be less than c, the propaga- 
tion velocity of a disturbance. Instead of giving the initial situation 
at time t = to and the position of the right support as vt, we could have 
chosen the origin of time at t, = 0. This, however, slightly complicates 
the mathematics.) The boundary conditions are Jz(O, t) = h(vt, t) = 0. 
From now on we consider such units that c = 1. 
Thus we have to solve the following problem: 
a2h a212 -=- 
at2 ax2 if 0 < x < vt ; 
h(x, t) = 0 otherwise ; 
h(0, t) = h(vt, t) = 0; 
(4 
h(x, 0) = h,(x) ; 
(ah/at), = o = u,(x). 
(3) 
(1) has a meaning only if the first derivatives of Iz exist everywhere. 
However, there may not be an h which satisfies (l), boundary condi- 
tions (2), and has first derivatives everywhere. In this case we should 
replace (1) by 
and consider (1) a physicist’s shorthand for (la). The general solution 
of (la) is h = f(t + x) + g(t - x), where f, g are arbitrary continuous 
functions. 
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h(0, t) is identically zero if g = - f; Iz(vt, t) = 0 if f satisfies the 
functional equation 
f [P + 44 = f v - Nt 
or 
f(u) = f(z), (4) 
with z = (1 - v)t, a = (1 + v)/(l - v). The solution of (4) is imme- 
diately given by any periodic function f(z) which is periodic in log z 
with the period log a. (This can be most easily seen by introducing log t 
and log a as a new variable and new parameter, respectively.) Thus 
a, 
f(z) = zC”exp (inklogz), with 2n K = log [(l + rJ)/(l -v)l ; 
*=-cc 
or 
/2(x, t) = n=--m ++{exp[inklog(F)]--exp[mklog~~)]}. 2 c 
(5) 
h = 0 otherwise. 
(The factor to in the arguments of the logarithm was introduced for 
convenience to make the argument dimensionless.) The numbers C,, 
have to be determined by the initial conditions. 
By definition 
h,(x) = 2 c n=--m n(,xp[inklogrF)]-exp[~nRlog~~)]}, 
m 
24()(x) = /y ink c, 
(6) 
n=--m 
I 
exp {ifiklog [(to + 4/$1) _ exp {ink log [(to - xUt0l) 
43 + x to - x I* 
(According to these equations &,, +, can be considered as odd functions 
of x if we desire to define them for negative x; this is because the oddness 
of h automatically ensures that at x = 0 h should be identically zero.) 
Differentiate the first equation with respect to x, then add and subtract 
it from the second. (If &t,(x) is discontinuous it is more convenient to 
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integrate the second equation, and proceed as below. The integration 
constant can be put equal to zero, since an additive constant in / does 
not change h.) We obtain 
Observe that because u,, and ho are odd functions of x, the second 
equation is a consequence of the first. Multiply the first equation by 
exp [ink log (to + x)/t,] d log [(to + x)/to] and integrate. The most 
convenient choice of limits on the left are x = - vt,, x = + vto which 
correspond to the limits log (1 - v), (en/k) + log(1 - v) for log (1 + x/t,) ; 
or, in other words, to one period on the right. Performing the integration, 
all terms excepting the mth vanish on the right. We obtain 
for m # 0. 
Since the expression for h(x, t) the term with n = 0 vanishes identically 
we are at liberty to put Co = 0. This, with (8) determines all the co- 
efficients. 
In principle we always can reduce the uniform motion of a support 
to rest with a Lorentz transformation, and reduce the case of two 
uniformly moving boundaries to that of one moving boundary. Not- 
withstanding, it is worthwhile to treat the more general case as well 
because of its great simplicity. 
If the left boundary moves with velocity - w and the right boundary 
with ZI, we proceed as follows. Let h(x, t) = f(t + x) - g(t - x); then 
the boundary conditions are satisfied if ! and g satisfy the following two 
coupled functional equations 
f(z) = gk.4 ; g(z) = fW4 
M = (1 + w)/(l - w); p = (1 + v)/(l - v). 
(9) 
These equations are solved by 
f(z) = 2 F, exp (ink log z) ; g(z) = 2 G, exp (irrk log z), 
n ,I 
with k = 2z/log ~$3; G, = F, exp (ilzk log p). 
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The problem is also soluble for the boundary condition, say Iz(O, t) = 0, 
SZ/&X = 0 at x = vt; then h = f(t + x) - f(t - x), and the functional 
equation is f’(arz) = - f’(z), where the prime denotes the derivative with 
respect to the argument. This means that dfldz is periodic in log z with 
the period of 2 log u, or that 
f(z) = cc* 2 exp (ilzk log z), 
n 
with k = 27t/2log [(l + v)/(l - v)]. 
For mixed boundary conditions, i. e., where 
h + A(ah/ax) = 0 at the moving boundary, one can 
solve the functional equation and find f(z) + Adfldz; 
integrating this expression we determine f. 
2 
I- Can one understand the physical reasons why the 
solutions should be periodic in log (t + x) with a period 
of log [(I + v)/(l - v)] ? It is obvious why the com- 
bination t f x appears, since the lines t f x = const. 
are characteristics along which the field propagates. 
I- Why the periodicity is log [(l + v)/(l - v)] can be 
understood as follows. Consider a space-time diagram 
(Fig. 1) ; the two lines L = - vt, R = vt are the world 
lines of the left and right supports moving with equal 
and opposite velocities ; the space axis x intersects 
the time axis at to. Envisage now how the initial 
value of the displacement h,,(x) will propagate. For 
simplicity, we suppose that (ih/at), = 0 and we dis- 
- x cuss the propagation of the displacement from the point 
x = 0. This initial value will propagate along the two 
FIG. 1. Space-time diagram of signal which issues from the origin and is reflected 
between two walls moving with uniform, equal and opposite velocities. L, R are 
the world lines of the left and right boundaries. t, CLT, azr, etc. are the times when 
signal has the same position and velocity as for t = 0. L’, R' are comparison world 
lines for fixed boundaries. The broken line describes the history of a signal being 
reflected between fixed boundaries. 
characteristics issuing from the point x = 0, t = to; half of it propa- 
gating along each characteristic. At the time t the characteristic 
again crosses the time axis from the right; it will do so again at the 
times at, a2r, etc. where a = (1 + ~)~/(l - v)~; hence for these times 
the physical situation appears again and again as at x = 0. 
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Thus in this case the times of recurrence will form a geometric progres- 
sion and not an arithmetic one as for fixed boundaries. But this is just 
another way of saying that log (t f x) at x = 0 is periodic with period 
log tc = 2 log [(l + v)/(l - c)], as we have already found; see (10) with 
cc = p. (The dotted lines represent the history of a pulse originating at 
x = 0 and running its course between boundaries fixed in their initial 
positions; these boundaries have the world lines L’, R’.) 
SECTION III 
Let us turn now to accelerated boundary motion. For simplicity 
we shall consider the left boundary as fixed and the right one as moving. 
The simplest non-uniform motion which occurs to one is a uniform 
acceleration. However, we observe that the wave equation is a Lorentz 
invariant object (interpreting c as the fundamental velocity); hence 
boundary motions which are not the solutions of a relativistic equation 
of motion cannot furnish well-suited boundary conditions. Of these, the 
simplest motions arise if the four-acceleration is zero, or a given constant 
in all instantaneous rest frames. In other words, the most natural curves 
to occur in a space-time diagram are straight lines, and hyperbolae. The 
former represent world lines for uniform motion; the latter describe 
motions uniformly accelerated in the relativistic sense. 
Hence we shall choose as the equation for the motion of the right 
bonndary I = (P + 1)lj2, putting for simplicity both c = 1 and I,, = 1, 
where 1, is the initial distance between the two supports. Thus, initially 
the right boundary has zero velocity, and an acceleration c2/1,, in conven- 
tional units. The space time diagram for this case is given by Fig. 2. 
Let the solution be of the form h(x, t) = f(t + z) - f(t - x). Then 
the solution is obtained if we can determine a function f(z) which satisfies 
the functional equation 
f(z) = f(- l/z), 
with 
(4 
f(z) = 4 44 + 3 
i 
%(X) dx 
0 
lz! < 1 
(‘4 
(cl 
(11) 
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The last two equations express f in terms of the initial displacement &to(x), 
and initial velocity U,,(X). If Iz,, u,, are odd functions, as we now agree 
upon, the last equation is a consequence of the penultimate one. 
The determination of f satisfying all these conditions is immediate. 
Let us take first 0 < z < 1; from (b) 
(12) 
FIG. 2. Space - time diagram showing the world line of the accelerated boundary 
and the characteristics which subdivide space-time into regions A, B, C. In these 
regions the solutions are constructed with functions f+ , or f-, which are given by 
Eq. (12), case I; or Eq. (13), case II. 
If z > 1, from (a) and (c) we find 
For negative z values, we simply interpret h,,, and u. as odd functions 
in Eqs. (12) and (13). Hence (12) gives f(z) for (zl < 1, (case I); (13) gives 
f(z) for 121 > 1, (case II). 
In Fig. 2 we distinguish three regions, A, B, C, located between the 
world lines of the two supports. The subdivision into regions A, B, C, 
is accomplished by the lines t + x = 1, t - x = 1. These lines represent 
the history of a disturbance which originates at t = 0 at the moving 
boundary, travels back to the resting support, and is reflected there. 
Then it journeys after the moving support, but never catches up with 
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it again. Let us denote f(t + x), f(t - x) by f+ and /- respectively. Then 
h will be constructed by taking f+ and f- as given by Eq. (12) or (13). 
In Fig. 2 we have put in each region which equation determines f+, f- ; 
case I means Eq. (12) and case II means Eq. (13). 
As a simple example let us take J+,(x) = sin XX, U&X) = 0. Then the 
solution is given by the following expressions: 
In A: h, = sin 7cx cos nt ; 
In B: 
In C: 
h = - {sin [n/(t + x) ] + sin n(t - x)}; 
h = - (sin [n/(t + x)] - sin [n/(t - %)I>. 
(14) 
FIRST NODAL 
1 X 
FIG. 3. Space-time diagram showing the world line of the accelerated boundary, 
the characteristics subdividing space-time as in Fig. 2, and the world lines of the 
node in the solution. The initial state is given by h,(x) = sin xx, (ahjat), = 0. 
It is easy to verify that the solution indeed satisfies the wave equation 
with all the boundary conditions, and it matches correctly along the 
lines t f x = 1. In the interior of region A the motion of the boundary 
cannot manifest its influence, since it is bounded by the world line which 
describes the history of the signal which could tell that at t = 0 the 
acceleration of the support was not zero. Then, in A the solution is entirely 
determined by the initial data. In C and D the influence of the boundary 
motion is being felt. The part sin n(t - x) represents a simple wave 
traveling to the right. It has this simple form, since in this region all 
waves which propagate to the right suffered either no reflection at all, 
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or a reflection on the fixed support; hence they carry along their initial 
form undisturbed. In region C the field is a superposition of waves which 
suffered one reflection from the moving boundary. On account of this 
they have changed their nature. 
From this analysis we realize that the great simplicity of the solution 
arises from the fortunate occurence that there are no repeated reflections 
on the moving boundary. Our functional equation can be written in 
/-- REGION C-------d 
FIG. 4. The form of the solution with accelerated boundaries. The initial state is 
given by h, = sin nx, (ah/&), = 0. Regions B and C refer to the regions as given 
in Fig. 2. 
general as f(z) = f [t&z)] an d can be interpreted as the invariance of the 
function f(z) under the mapping 4(z). Physically, the mapping tells us 
how the field propagating to the right is changed upon reflection with 
the moving boundary. One expects that the solution will be simple if 
either only one reflection takes place, or assuming many, if the state of 
motion of the boundary does not change. It is instructive to investigate 
the solution somewhat more closely. In Fig. 3 we draw in the nodal 
curves; along these curves Iz(x, t) is zero; since initially h,(x) was 
everywhere positive, we see how the regions alternate in which h is 
positive or negative. The point where the first nodal curve intersects 
the world line of the moving boundary can be connected by a char- 
acteristic with the point where the second nodal curve issues from the 
world line of the boundary at rest. Hence the two events: node hits 
moving boundary, node emerges from boundary at rest, are causally 
connected. The nodal curves themselves are all spacelike curves, hence 
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the nodes propagate with a velocity exceeding c. The first nodal curve 
starts as the line t = l/2, 0 < x < l/2, continues as a unit hyperbola 
with the asymptote x - t = 1, until it reaches the world line of the 
moving boundary at the point t = 314, x = 1 + l/4. The second nodal 
curve is a unit hyperbola issuing from the point t = 2, x = 0, having 
for its asymptote t - x = 1. The form of the solution for large t, (t = lo), 
is given by Fig. 4. The dotted curve represents the initial amplitude. 
The solution resembles more and more a shock, a steepening slope 
pursuing the moving boundary. 
SECTION 11’ 
What can we learn from the particular solutions so obtained to con- 
struct the general solution for an arbitrary but given boundary motion? 
First, we observe that the proper way to take into account the vanishing 
of the wave function h on the fixed boundary is to make the wave function 
odd in the spatial variable with respect to the position of the fixed 
boundary. Then this condition takes the place of the vanishing h on the 
fixed boundary, Next, we observe that the main difference between the 
treatment of the uniform boundary motion, versus the accelerated one 
lay in the different order we have introduced the initial conditions. In 
Section II we first solved the functional equation in general, then we 
adjusted the general solution so as to satisfy the initial conditions. In 
Section III we used the functional equation to construct the function f(z) 
(which was given initially for a finite range of z), for all values of its 
argument. This extension of f(z) via the functional equation then 
automatically satisfies the initial conditions. The latter approach is 
more fundamental and we show now how we are able to obtain the 
general solution for our problem through a graphical construction. Let 
h(x, t) be the unknown wave function, which has to vanish at x = - l(t), 
x = Z(t) and is an odd function of x. [Then h(x, t) for 0 < x < I(t) will 
describe the wave function between a boundary fixed at x = 0, and a 
boundary moving according to the equation x = Z(t). The vanishing 
of h at x = 0 is automatically satisfied by the requirement that h be odd 
in x.1 The general solution which is odd in x is given bv 
h(x, t) = f(t + 4 - f(t - 4, 
where f is an odd function. 
Ofi) 
It satisfies the boundary conditions if f obeys the functional equation 
fP + W) = f(t - W), (16) 
and the initial condition f(x) = /a(x) for - 1 < x < 1. f,,(x) can be 
calculated from h(x, 0) and (ah/at),= o [see Eq. (ll)]. (Of course, f,,(x) 
is an odd function of x.) 
482 BALAZ S 
Our units are chosen so that c = 1 and Z(0) = 1. 
Equation (16) informs us that f(z) has the same value at the points 
z’ = t + Z(t) and z” = t - Z(t). Knowing f(z) for IzI < 1 we should be 
able to find f(z) from (16) for all values of z. We proceed as folIows. 
(See Fig. 5.) Along the z axis we know f(z) to be equal to f&) for (~1 < 1. 
To each point z = z’, - 1 < z’ < 1, there corresponds a point z = z” 
t 
t 
FIG. 5. Picture showing steps for the graphical construction of the general solution. 
Explanation of symbols in text. 
outside this range whose f(Y) = f(z”) = f&z’). Let us construct these 
points. We think of z’ = t - Z(t) and z” = t + Z(t) as the equations of 
two curves in the z, t plane. For each t the intersection of the t = const 
line with these two curves gives just the points whose z coordinates are 
z’ and z”. Since f(z) = f,,(z) for Iz/ < 1, we will put at Z” the value f,,(z’) 
for f(z”). This way we can define f for all values of z > 0; for z < 0 we 
extend f as an odd function. Knowing f(z) you can construct k(x, t) in 
the following manner. Suppose you want to find Iz(x, t) for t = t’. Draw 
the t = t’ line in the t, z plane. (See Fig. 5.) This line will intersect the 
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z’ = t - 1, z” = t + 1 curves at the points P’, P, P”. Label points on 
this line with x so that x = 0 at P, x = Z(t) at P”, x = - I(t) at P’. 
We can think of the line segment P’ P” as the string segment on which 
h is defined for t = t’. With this labeling x = z - t’, and the point z on 
the z-axis will lie vertically below the point x on the t = t’ line. Express .z: 
through z in h. Then h(x, t’) = f(z) - f(2t’ - z) = f(z) + f(z - 2t’) 
where z is the point lying vertically below x. Copy now f(z) on a transparent 
+P 
FIG. 6. Outcome of graphical construction showing wave functions for t = 0, t = 1, 
t = 2, when boundary moves with the velocity 3/4. The initial state is given by 
h, = -- sin zcz, (&/at) = 0. (The units are chosen so that c = 1, I, = 1.) 
strip of paper marking the z = 0 point with a star. Superimpose this 
strip on the original f(z) so that the star is at the point z = 2t’. Then the 
sum of the original f and the shifted f evaluated at the point z vertically 
below x, will just give the value h(x, t’). 
In Fig. 6 we give the constructed curves for the case of v = 3/4. 
The kinks are the consequence of the finite boundary velocity at t = 0. 
Similar diagrams for different boundary motions reveal features in 
the solution which are expected. A periodic oscillation of the boundary 
can show a resonance, or a beat, or nothing special, depending on the 
frequency of the oscillation. A slow and smooth change in 1 will leave 
the wave form essentially unchanged, except for scaling; this is a 
consequence of the adiabatic theorem. An interesting possibility is to 
endow the moving boundary with a finite mass and let it be driven by 
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the string. In this case the function 1 is not prescribed in advance, but 
has to be co-determined with h through the equation of motion of the 
boundary moving under the influence of the “radiation pressure” gen- 
erated by h. 
At a later time we hope to return to this problem and the problem of 
adiabatic invariance if the motion of the boundary is slow in some sense. 
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